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Materials for recycling may consist of end-
of-life (EOL) product streams, byproducts
and waste streams from original equipment
manufacturing and the production of compo-
nents, and finally also rejects, byproducts and
waste streams from raw-material producers. A
common feature is that all consist of compounds.
The elements of the compounds can be recycled
only by chemical or metallurgical means.

Recycled products can be characterized by the
properties they have as a function of size. Proper-
ties can be physical or chemical in nature. They
arise from themass/area distribution of the com-
pounds of a stream. These compounds can either
be dominant in the product or formvarying parts
of them. As an example, a freight railroad car
consists mostly of different carbon steels made
by alloying three or four elements, but a mobile
phone consists of a multitude of compounds
made out of approximately 60 elements.

The chemical complexity of a compound as
well as a metal alloy is not a function of particle
size, and thus cannot be reduced by physical
means. In practice, mixtures of very fine matter
in a continuous matrix, such as pigments or
flame retardants in plastic, also show a similar
behavior, in that the complexity is not a function
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of particle size. Some of the most miniaturized
electronic devices also belong to this group,
because the required particle size is too small
for practical purposes.

Most of the products manufactured are char-
acterized by a variable scale showing a degree of
particle size dependency. Some of them are
complex and often contain components that
fall into the first category in which complexity
cannot be reduced. Good examples of this are
EOL electronics or cars. At the other end of the
spectrum are simple products that consist of
few materials, and in which the joints between
compounds (alloys) are easily breakable: for
example, the freight railroad car.

Many waste streams, like metal production
slag, have voluminous matrix components that
cannot be reduced in complexity. These can be
treated by the removal of the matrix into
streams where the valuable components are
concentrated.

Compounds in a recyclable stream are distrib-
uted and connected in different ways, affecting
the size dependency. This is termed liberation. If
the particle size is made finer, the liberation
will change in a way that is typical to the recy-
clable material and method of particle reduction.
Copyright � 2014 Elsevier Inc. All rights reserved.
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING40
This characteristic is termed a liberation curve,
named for the similar phenomenon in natural
minerals. Particles in a recycled set will contain
different mass fractions of different compounds.
This is discussed later more in detail. These par-
ticles will also exhibit different physical and
chemical properties that react to physical forces
and the chemical environment in different
ways. The chemical interactions may become
complex and lead to unwanted reactive results,
affecting recycling rates negatively.

This essential feature can be captured in a
product-based approach to recycling, in contrast
to a material-based approach. The former
implicitly takes into account the whole cycle
from the EOL phase to the production of
renewed raw material. It also allows the interac-
tions caused by the stream complexities to be
modeling, to achieve improved recycling rates
by technology and systems development. The
latter is adequate for bookkeeping but does not
address the effects of complexity. As an example,
an error often made in material-based recycling
discussions is to mix steel recycling with iron
recycling. Steel forms a wide family of iron-
based alloys. Many of the over 6000 alloys can
be recycled together. However, for the produc-
tion of recycled steel, there are limits to the con-
tent of several other metals included in the
scrap, which either need to be diluted with pri-
mary material, separated away from the feed
scrap stream or lost into production slag, fumes
and dusts. Examples are copper and tin.

In addition to the complexity of a single prod-
uct, practical recycling streams have another
level of complexity arising from the collection
phase where different products are collected
into a combined stream. This may dilute the eco-
nomic value of a stream substantially by chang-
ing the mass ratio of high-value compounds
relative to low-value compounds. Because
different products have different liberation
curve characteristics, combining different kinds
of streams will also increase the complexity of
the liberation characteristics.
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A complex set of properties makes recycling
difficult. As an example, freight railroad car
recycling does not pose difficulties, whereas
mobile phone recycling does.
5.1 RECYCLING PROCESS

The collection of recyclable materials should
be designed so that an unnecessary increase in
stream complexity is avoided. Much can be
done at the origin of the recycling process. In in-
dustry cuttings, turnings, rejects, etc., should be
sorted carefully. The same applies to EOL goods
from households, a much more difficult task.
The optimal degree of presorting is dictated
by the collection system costs and structures,
location and process capabilities of treatment fa-
cilities, and economic incentives available for
different actors.

After collection, the streams often tend to be
too complex and unsuitable for final processing.
Many valuable elements and compounds may
be present at too low a value to merit the high
cost of final processing. Thus, the normal step
following collection is first to reduce the particle
size to a more suitable finer size, and then to
perform a mechanical separation step or several
steps using the physical property differences be-
tween the particles in the feed stream. These
streams are either further purified physically
or sent for further processing by chemical or
metallurgical means. Some material streams
may already have reached a saleable commer-
cial quality after physical treatment. Physical
treatments range frommanual sorting to sophis-
ticated automated systems.

In all of these steps, the particle size, shape
and density of individual pieces is important
and affects the recycling process outcome.
5.2 PARTICLE SIZE

Anymass ofmaterial to be recycled consists of
particles. The particles can be characterized by
N CONTEXT



5.2 PARTICLE SIZE 41
their size. Usually the shape of particles differs
from a sphere, which is the only geometric
form that has a well-defined unique size, its
diameter. All other geometric and irregular
forms have different sizes, depending on the
technique used for measurement. The most com-
mon method for scrap sizing is sieving. The par-
ticle size xA is characteristic of an aperture
through which the particle passes. The sieve sur-
faces are usually woven wire cloths with square
apertures. In this case, the size is the side length
of the square. The surface can also be made with
a punched square or round hole. Another com-
mon method for measuring particle size is to
measure its settling velocity in liquid or air.
Then, the size is given as the size of a sphere
with the same settling velocity as the particle.
This is called Stokes diameter, xs, for small parti-
cles settling at laminar velocities (Reynolds
number< 0.2), or more generally, drag diameter,
xd. Particles can be illuminated by light and their
projections are measured to obtain the projected
area diameter, dp. Other image-processing diam-
eters are the Feret diameter, dF, and the Martin
diameter, dM. They are respectively the distance
between parallel tangents to the image and the
cord length of the particle image measured in a
defined direction. Particle volume and particle
surface can also be measured to yield the volume
diameter, dv, and surface diameter, ds, which are
the diameters of a sphere with the same volume
or area as the particle. For fine fractions, laser
diffraction is currently the most common
method. The size is the equivalent diameter of
a sphere, with the same optical properties, that
produces a diffraction pattern similar to the par-
ticle. It is, however, more complex than that,
because the diffraction pattern measured is the
total light energy falling on the sensor array
and the particle size distribution is inversely
computed from those data using knownmaterial
optical models and diffraction theories. As the
particles are suspended in a fluid and pass the
measurement cell at some velocity, the measured
light energy is an average over some time, and
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thus the obtained particle size is also a time
average of themass passed through themeasure-
ment cell.

Several average particle sizes can be used to
estimate recycling system behavior. The most
common is the average volume/surface diam-
eter, the Sauter mean diameter (x32). It is the
diameter of a sphere that has the same volume-
to-area ratio as all particles in the whole sample.

Particle sizes and their distributions are most
often given in discrete classes for historical rea-
sons, because sieving naturally creates classes.
The class divisions are given usually in geomet-
ric series. The traditional series is the Tyler se-
ries, in which the subsequent size of an
aperture between sieves has a ratio

ffiffiffi
2

p
. The

base size is a 74-mm sieve. This is often called
the 200 mesh (200#) sieve, because there are
200 wires per inch in the woven sieve cloth.
The international ISO-565/ISO 3310 standard
is based on a base sieve of 1 mm and has a geo-
metric ratio of R20/3, i.e., every third in a series
of

ffiffiffiffiffi
1020

p
from 125 mm to 32 mm. Finer sizes

follow R10 series ð ffiffiffiffiffi
1010

p Þ down to 20 mm.
Any set of particles (the sample) will have a

particle size distribution. It can be expressed
either as the frequency distribution q(x) or as a
cumulative distribution finer than size x, Q(x).

QrðxÞ ¼
Zxmax

xmin

qrðxÞdxz
Xn
i¼ 1

qirðxÞ: (5.1)

There are four types of particle size distribu-
tions distinguished by the subscript r in the
equation above: number, length, area and vol-
ume. The most common are number and volume
(mass) distribution. The convention is that the
subscript r is given a value from 0 to 3 subse-
quently from number to volume distribution.
So, Q3(x) means a cumulative volume distribu-
tion and q0(x) is a number frequency distribution.

Number distributions are important to plan-
ning sampling campaigns because statistical
errors and analytical confidence limits depend
on the number of particles sampled. Often,
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING42
reaction rates are related to the reactive surface
and the mass balances of such reactions corre-
late with the mass distributions.

Real distributions can be estimated with
simple mathematical distributions. All are suit-
able only for mono-modal distributions. The
simplest representation is an exponential func-
tion called the GateseGaudineSchuhmann
(GGS) equation

QrðxÞ ¼
�
x

x0

�a

; (5.2)

where x0 is the size at which all particles are
finer and a is the slope (width) of the distribu-
tion. A second widely used form of distribu-
tion is the RosineRammlereSperlingeBennett
equation

QrðxÞ ¼ 1� Exp�
�
�
�
x

xn

�m�
; (5.3)

which is capable of describing the ends of the dis-
tributionbetter thanGGS. In theequation,xn is the
size at which 62.3% of particles are finer. Param-
eter m is the slope (width) of the distribution.

The third equation given here is the log-
normal distribution

qrðxÞ ¼ 1

sln
ffiffiffiffiffiffi
2p

p Exp

(
� 1

2

�
lnðxr=xm;rÞ

ln sg

�2
)
;

(5.4)

where xm,r is the median and ln(sg) is ln
�
x84;r
x50;r

�
(x50¼ size at which 50% is finer).

For multi-modal particle distributions, one
has to combine two or more distributions.
Multi-modality is often observed in recycled
feeds because the material properties (for
example, brittleness) in a product can vary a lot.
5.2.1 Translational Velocity of Particles

A single particle moves in a fluid medium
(liquid or gas) obeying classical mechanics.
Two dimensionless numbers are useful for
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evaluating the behavior of particles settling a
fluid.

Reynolds number Re is the ratio of inertial
forces to viscous forces. For particles, we can
write it as

Re ¼ rvd

m
; (5.5)

where d is the characteristic length, i.e., particle
diameter and m the dynamic viscosity (Pa s). At
low Reynolds numbers, the viscous forces
dominate and the flow around the particle is
smooth. A limit is considered typically to be
Re� 0.2. When the Reynolds number exceeds
Re� 1000, the inertial forces dominate and the
fluid forms a distinct turbulent wake at the aft
of the particle.

The other important dimensionless variable
is the drag coefficient Cd. When a particle moves
through a fluid, it must displace fluid elements
from its path. This consumes energy, which
can be understood as a force Fd slowing particle
velocity. This drag force has two components
that are important to velocities used in recy-
cling. The first; skin friction, is caused by the
fluid viscosity; and the second, form drag, is
caused by the pressure difference between the
fore and aft of the particle

Cd ¼ Fd
2

rf v2A
: (5.6)

Drag coefficient varies as a function of veloc-
ity, particle size and shape, fluid density and
viscosity. Drag coefficient is a function of the
Reynolds number Re.

The drag force, buoyancy and gravitational
force are the main forces controlling the settling
of a particle in a quiescent fluid. The accelera-
tion of a particle is

m
dv

dt
¼ mgþmg

rf

rs
þ rfv

2CdA=2; (5.7)

where m is the mass; v, the velocity of the parti-
cles; r density (subscript f for fluid and s for
solids); Cd, drag coefficient; and A, the area of
N CONTEXT



5.2 PARTICLE SIZE 43
the particle perpendicular to the direction of
movement. As the velocity increases, the drag
force will also increase until the acceleration
comes to zero and the particle has obtained ter-
minal velocity.

For fine particles (typically below 60 mm for
solid particles), the drag coefficient can be esti-
mated to be Cd¼ 24/Re (for spherical particles).
For terminal velocity, this leads to the well-
known Stokes equation

vSt ¼ d2gðrs � rfÞ
18m

: (5.8)

For very high Reynolds numbers, the drag
coefficient is essentially a constant Cdz 0.44.
This leads to a terminal settling velocity equa-
tion for large particles (also known as Newton’s
equation)

v2Nz
3dpðrs � rfÞ

rf
: (5.9)
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FIGURE 5.1 Particle settling.
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For intermediate sizes, no closed solutions
exist. Turton and Clark (Turton and Clark, 1987)
presented a useful approximation using dimen-
sionless numbers. For dimensionless velocity v*,
they give as a function of dimensionless size d*

v� ¼
"�

18

d�2

�0:824

þ
�
0:321

d�

�0:412
#�1:214

: (5.10)

The dimensionless size d* can be obtained
from

d� ¼
�
3

4
CdRe

2

�ð1 =3Þ
¼ dp

0
@gðrs � rfÞrf

h2

1
A
ð1 =3Þ

(5.11)
and dimensionless velocity v* from

v� ¼
�
4Re

3Cd

�ð1 =3Þ
¼ vs

0
@ r2f
hgðrs � rfÞ

1
Að1 =3Þ

: (5.12)
steel circuit board

1,00E+03 1,00E+04 1,00E+05

cle size (µm)
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING44
For a known size, first calculate the dimen-
sionless size (Eqn (5.11)) and use it to estimate
dimensionless velocity (Eqn (5.10)). Then, solve
the real velocity from Eqn (5.12).

The differences in settling velocity are large
when comparing a piece of steel or a piece of cir-
cuit board resin, as can be seen in Figure 5.1. A
resin piece with a diameter of 4.3 mm obtains
a terminal velocity of 0.1 m/s. A steel particle
is only 0.23 mm in diameter.

Non-spherical particles often behave in an
erratic way, depending on their Reynolds num-
ber and the shape itself. In laminar conditions,
the particles tend to become oriented so that
the total drag force is minimized. Platy particles
tend to wobble and flow in an erratic way. The
drag coefficient tends to be a decade higher
than for spheres of the same density and mass.
Needle-shaped particles translate in a laminar
flow with the longest dimension aligned with
the flow.

In turbulent flow conditions, the particles
tend to become oriented so that skin friction is
minimized. Platy particles are moving wobbling
in a position where the highest surface area is
perpendicular to the flow. This causes the drag
coefficient to be up to 2 decades higher than
for a respective sphere. Needle-shaped particles
wobble in a turbulent flow.

As a general rule of thumb, platy particles
may be an order or even two orders of magni-
tude larger (largest dimension) to obtain the
same terminal velocity.
TABLE 5.1 Parameters for the Apparent Viscosity
Equation

A B C

Thomas (Thomas, 1965) 10.05 0.00273 16.6

Heiskanen and Laapas
(Heiskanen and Laapas, 1979)

14.1 0.0274 �16.6
5.3 PULP RHEOLOGY

Pulp rheology substantially affects the flow
behavior of a separator. There, the most impor-
tant variable is the volume concentration of
solids f in the suspension given by

f ¼ qp � 1

qs � 1
; (5.13)

where specific weight qs ¼ rs=rwater
:

I. RECYCLING I
5.3.1 Apparent Density

In separators, where solid particles are
dispersed in a fluid, the apparent specific den-
sity of the dispersion increases as

qp ¼ 100�
P
qs

�
þ 100� P

; (5.14)

where P is the suspension solid content percent-
age by mass.

5.3.2 Apparent Viscosity

Most pure fluids are Newtonian in their
behavior. Any small stress will cause a shear
and the fluid moves. The ratio is called viscos-
ity. When the solids content increases in a fluid,
the behavior of the fluid resembles increasing
viscosity effects. Thomas (Thomas, 1965) pro-
posed the following equation for the viscosity
effects of suspended solids

ma

m0
¼ 1þ 2; 5fþ Af2 þ B expðCfÞ; (5.15)

where f is the solids volume concentration.
Heiskanen and Laapas (Heiskanen and Laapas,
1979) proposed slightly different parameters to
the equation. (Table 5.1).

The difference between the predictions is
typically below 4% when f is below 30% but
then increases quickly, because the Thomas
equation predicts substantially higher apparent
viscosities at higher volume concentrations.

5.3.3 Hindered Settling

When the solids content of a fluid, notably
water, increases, the translational velocity of
N CONTEXT



TABLE 5.2 Parameters for the Richardson
and Zaki Equation

Re< 0.2 b ¼ 4.65

0.2 < Re < 1.0 b ¼ 4.36/Re�0.03

1.0 < Re < 500 b ¼ 4.4/Re0.1

Re > 500 b ¼ 2.39
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the particles will decrease. For spherical parti-
cles, we get as an experimental equation for
the ratio for hindered settling (Richardson and
Zaki (Richardson and Zaki, 1954))

vh
vSt

¼ ð1� fÞb; (5.16)

where b is a function of Re. (Table 5.2).
A small particle with a density of 3000 kg/m3

in a 30% byweight (12.5% by volume) slurry has
only about 55% of the free settling velocity.
Increasing the solids fraction by weight to 50%
reduces the settling velocity further to about
28%. For very large particles, the ratios are 72
and 50%, respectively.

To evaluate the effect of particle density in a
solid suspension, the following approximate
equation can be used for small particles

x1
x2
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � qp

q1 � qp

s
(5.17)

and

x1
x2
z

q2 � qp

q1 � qp
(5.18)

for large particles.
The size ratio between a steel particle and an

aluminum one increases by 12% for fine parti-
cles and 24% for coarse particles, when the spe-
cific gravity increases from 1.0 to 1.4.
5.4 PROPERTIES AND PROPERTY
SPACES

Any particle in a size class can be character-
ized by its properties averaged over its volume
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or surface. Of course, this property can be sim-
ply its chemical composition, but the composi-
tion of compounds and the set of consequent
physical properties are more useful. Any set of
particles will have a distribution of property
values (Figure 5.2). This distribution can be
treated as any statistical distribution with a
mean and a variance. Let us denote the particle
size as i and the properties as j,k,.. The size
classes can be single ISO-565 fractions or any
combination deemed applicable, or any other
sizes. For example, it can be too fine for process-
ing at �4 mm, optimal for processing at
4e64 mm, and too coarse and unliberated
at þ64 mm.

Properties must be considered by their utility.
Only those properties that are important to the
separation stage at hand and the requirements
of further processing need to be considered. It
is advisable that there be as few property classes
as possible.

For example, if low purity steel scrap is to be
treated, the simplest technology is to perform
magnetic separation. Because most carbon
steels exhibit ferromagnetism, magnetic suscep-
tibility can consist of two classes: with or
without this property. Because steel scrap also
contains elements detrimental to the steel-
making process, for high-quality steels we
need to add composition properties such as a
fractional content of copper in, say, 10%-unit
steps (in any single particle). However, this
approach quickly leads to a high number of
combinations of properties.

The property space shows a way to model
recycling (Figure 5.3). Models that track the
changes in numbers of particles between the
different volumes of property space are called
population models. The simplest space is a
one-dimensional binomial space of similar-
size white and red beads; a description of a
mobile phone after complete shredding will
need an N-dimensional space with a large
number of classes for every property, which
is impossible to model. However, these
N CONTEXT
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FIGURE 5.3 A three-dimensional property space R with a volume of particles belonging a class Ri,j,k (with a surface
area of Sc).
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5.5 SAMPLING 47
population models can still be useful in
modeling size reduction and separation in
recycling.

Particles can move to and from the property
class volume by several mechanisms. First,
they can move through the boundary by a
convective motion. This can be by mechanical
abrasion, by chemical reactions starting to
take place as the temperature or chemical envi-
ronment changes, by melting, or by any such
process. They can also move by finite steps as
a result of breakage or agglomeration. They
can be destroyed in one volume for the progeny
particles to arrive into several others. There can
also be physical additions and withdrawals of
particles into and from a given property
volume.

v

vt

Z
Rc

NFðxÞdx ¼ �
Z
Sc

NFu n dq�D

þ B�Qþ A;

(5.19)

where N is the number of particles, F(x) is
the frequency size distribution of particles, u
is a vector describing the rate of particles
passing the boundary Sc, D is the disappear-
ance and B is the birth of particles resulting
from some physical or chemical action, and
Q and A are the removal and addition, respec-
tively, of the particles’ byproduct and feed
streams.

For many practical applications, the number
distribution can be substituted with a mass
distribution.

One way to use the property space for mass
balancing and data reconciliation is to define
for each stream f a flow rate Qfj of a phase j
(property class 1). Each phase consists of com-
ponents k (property class 2). We can define Pkjf

to be the fraction of component k in phase j in
stream f. We can define Xijf to be the fraction
weight of particle size class 1 of phase j in
stream f. As the last definition, we have Tkijf as
the fraction of component k in particle size class
i of phase j in stream f.
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For many technical purposes, a one-
dimensional cut from the mass-based property
space, i.e., a frequency distribution or histogram
of a single property mass, is interesting, as will
be discussed next.
5.5 SAMPLING

Properties described earlier can be treated as
property distributions with a mean and stan-
dard deviation. The variability is always a func-
tion of particle numbers sampled, not mass.
There are properties that are integrative, such
as the chemical composition. They are indepen-
dent of particle size and can therefore be
shredded and comminuted to finer sizes to in-
crease the number of particles sampled. There
are also properties that are size dependent,
such as specific surface area of the material.

Even if the unknown real distribution is
skewed, the sampled distribution tends to be
closer to a normal distribution. It is usually
assumed that the sampled distribution of the
mean is normally distributed. Then, the limit
clause

varðxÞ ¼ varðxÞ
n

(5.20)

stipulates that the variance of the mean is an nth
fraction of the variance of a single measurement.
It also says that doubling the sample size will
reduce the variance to half. For a small number
of samples (<30), the distribution follows Stu-
dent t distribution, which is a wider distribution
than the normal distribution because of the un-
certainty in estimating the standard deviation.

Gy (Gy, 1979) developed a sampling theory
that is in general use. The variance that is caused
by the inhomogeneity of the material itself is
called the fundamental variance. This error
will remain even when the sampling is per-
formed in an ideal way. The fundamental vari-
ance is related to the third power of the largest
particles present in the sampled material
N CONTEXT
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Cx395
varðxfundamÞ ¼
nDm

; (5.21)

where x95 is the size at which 95% are finer, Dm
is the increment size, n is the number of incre-
ments, and C is a constant depending on the
property distribution, liberation, particle shape
and width of the size distribution. As can be
seen in Eqn (5.21), a reduction in size of the
largest pieces reduces the fundamental variance
rapidly.

There are several sources for error in per-
forming the sampling. The total variance of
sampling consists of the fundamental variance
and variances of error taking place in assaying
and sample selection owing to wrong delimita-
tion of the sample (for example, loss of material
from increment) and owing to integration errors
caused by the discrete sampling of a continuous
variability.

varðzÞ ¼ varðfundamentalÞ þ varðassayingÞ
þ
X

varðsampleselectionÞ
(5.22)

The dimension of sampling can be defined
as the spatial directions of a sampler to obtain
a representative sample. A one-dimensional
example is a material stream falling from a
transport belt by a sampler that traverses it. A
three-dimensional example is a heap of mate-
rial, in which sampling points need to be
distributed in three dimensions, a practical
impossibility.

Materials for recycling can be sampled by

• Random sampling
• Systematic sampling
• Stratified sampling.

These can be also performed as a two-stage
process or as a sequential process. Random sam-
pling is discouraged in most cases because true
randomness is difficult to obtain. This is espe-
cially the case for three-dimensional examples.
A random grab sample will have a high vari-
ance and will often be prone to errors caused
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by nonideal sampling. The most accurate sam-
pling method is systematic sampling from a
one-dimensional case, i.e., an automatic sampler
sampling a moving stream of material. This also
applies to all secondary sampling before
assaying.

If the material has a tendency to segregate,
one can try stratified sampling, in which
different strata of the material are sampled sepa-
rately and the result is obtained by weighing the
results by stratum masses.

For cheap materials, sampling can be per-
formed using a two-stage process, in which
the first sampling may be, for example, first
selecting randomly the wagons (m) from a train
of M wagons to be sampled in more detail

s2ts ¼
�
M�m

M� 1

�
s2b
m

þ s2w
mn

; (5.23)

where sb is the standard deviation between
wagons, and sw, within wagons.

A sequential process is often used for quality
standards. If the first set is clearly within or
outside defined limits, the sampling is discon-
tinued and the lot is either accepted or rejected.
If the result falls between the defined limits,
sampling is continued with a second set.

For a variable (y) computed from a set of
measured variables as y¼ f(x1,x2,...,xn), the vari-
ance is computed as follows

varðyÞ ¼
�
vy

vx1

�2

varðx1Þ þ
�
vy

vx2

�2

varðx2Þ þ.

þ
�
vy

vxn

�2

varðxnÞ:

(5.24)
5.6 MASS BALANCES AND
PROCESS DYNAMICS

Recycling can also be understood as a mate-
rials handling operation, where material is
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transported, concentrated and purified during
the treatment. The process always consists of
the units handling the material with temporal
holdups, units of moving the material, and stor-
age units. They all are combined by an average
flow of material.

5.6.1 Mass Balances

Mass balances can be written either over a
single unit in the process or over larger parts
of the process. In mechanical recycling, one
often starts with steady-state mass balances,
where the recycled mass and its constituents
are assumed to be constant in any flow.
Ra ¼ cac½ðcaf � casÞðcbs � cbtÞ � ðcbf � cbsÞðcas � catÞ�
caf ½ðcac � casÞðcbs � cbtÞ � ðcac � cbsÞðcas � catÞ�

Rb ¼ cbs½ðcac � caf Þðcaf � cbtÞ � ðcbc � cbf Þðcas � catÞ�
cbf ½ðcac � casÞðcbs � cbtÞ � ðcac � cbsÞðcas � catÞ� :

(5.27)
F ¼ Cþ T

Fcaf ¼ Ccac þ Tcat

Fbbf ¼ Ccbc þ Tcbt

.

Fmmf ¼ Ccmc þ Tcmt;

(5.25)

where capital letters denote the total mass flow
of feed (F), product (C), and tails (T), and caf,
cac, cat, cbf, cbc, cbt,.,cmf, cmc, and cmt are the con-
centrations of the property of interest (a,b,.m)
in streams f, c, and t, respectively.
F T

C

FIGURE 5.4 A simple separator.

I. RECYCLING I
As will be discussed later, these equations
never hold completely, but contain random
sampling and assay errors, and therefore do
not close completely and will require data
reconciliation.

For a separation as in Figure 5.4, recovery of
material with the property of interest can be
calculated from the mass balance

Ra ¼ Ccac
Fcaf

¼ aaf ðaac � catÞ
cacðcaf � catÞ : (5.26)

For a two-product case (Figure 5.5), in which
properties a and b are divided to both C and S
product streams, the recoveries become
For dynamic situations, where a property is
changing in time, we have to use dynamic
mass balance equations. Examples are shred-
ding, smelting, and leaching.

d

dt
ðVcaÞ ¼ Fcaf � Pcap � Vra

d

dt

	
Vcg


 ¼ Fcgf � Pcgp � Vrg;

(5.28)

where V is the volume of reacting space, F is the
feed, P is the product, and r is the reaction rate.
These equations can be written in state-space
F M T

C S

FIGURE 5.5 A two-stream separation case.
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING50
notation. If the reaction between a and g is of
first order r¼ kca, we get

_XðtÞ ¼ AðtÞxðtÞ þ BðtÞuðtÞ

x ¼
"
ca

cg

#
;A ¼

2
6664
�
�
k þ 1

s

�
0

k �1

s

3
7775;

u ¼ 1

s

�
caf
cgf

�
;B ¼ I: (5.29)

Equation (5.28) can be used as a starting point
for population balance modeling of recycling.

5.6.2 Process Dynamics

The holdup or storage variation (mass stored
W) can be expressed as the difference between
incoming and outgoing flows in the ideal case.

dWðtÞ
dt

¼ QiðtÞ �QoðtÞ: (5.30)

The change in buildup is mathematically an
integrating process, but for our needs the impor-
tant point is that it takes time to change the
inventory.

If material is transported a given distance L at
a velocity v, it will show a transportation lag
s ¼ L=v. For a property p(t) entering the trans-
port system at time t¼ 0, we can write

poutðtÞ ¼ pinðt� sÞ: (5.31)

In Laplace domain1 the transfer function of
this is

GðsÞ ¼ e�Dts: (5.32)

This is a transfer function of a pure time
delay.

In recycling, we can use the well-known
limiting cases. In the first case, the reactor is
not mixed (plug flow reactor) (Eqn (5.32)); in
the second case, it is instantaneously fully
1 Laplace transform FðsÞ ¼
Z N

0

fðtÞe�stdt.

I. RECYCLING I
mixed (an ideal [fast] reactor). For the fully
mixed case, we have

GðsÞ ¼ 1

ssþ 1
: (5.33)

If such a mixer is disturbed by a change in the
feed composition, we can multiply the transfer
function with the Laplace transform of the
disturbance to obtain the response. By perform-
ing the inverse Laplace transform back to time
space, we get the response in time. If the prop-
erty entering the fully mixed reactor is a step
change with a Laplace transform of (1/s), we
get for the response

CðsÞ ¼ 1

s
GðsÞ ¼ 1

s

1

ssþ 1
¼> CðtÞ ¼ 1� e�t=s:

(5.34)

For n reactors in series with a constant resi-
dence time in all of them

GðsÞ ¼ 1

ðssþ 1Þn : (5.35)

By using these simple components, we can
predict the dynamic response of a flowsheet
(Figure 5.6) by first constructing a signal flow di-
agram (Figure 5.7).

By summing all of the transport lags and
taking into consideration only the two largest
time constants (the third has only a minor effect
on the dynamic response), we get the following
Figure 5.8. Using the combined notation of
the figure, the variation in the product p(s)
related to the required quality set point q(s) is

pðsÞ ¼ GXðsÞGYðsÞ
1þ GXðsÞGYðsÞGMðsÞ qðsÞ: (5.36)

In designing the control circuit in Figure 5.8,
one has to ensure that the system is stable
and that the control result is adequate. The
overall stability of the control circuit can be
answered by solving the function 1þGX(s)
GY(s)GM(s)¼ 0. The roots must be negative
or have negative real parts. For a constant
set point, the dynamic response of
N CONTEXT



FIGURE 5.7 Flowsheet as a signal flow diagram.

Reactor

Reactor
Transport TransportSeparator Separator

FIGURE 5.6 A recycling flowsheet.

FIGURE 5.8 Signal flow diagram for feedback control for product quality.
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(product/disturbance) is defined by the open-
loop transfer function GY(s)GX(s)GM(s).
5.7 MATERIAL BALANCING

5.7.1 Linear Data Reconciliation

A prerequisite for meaningful recycling com-
putations is to perform data reconciliation,
which allows consistent and closed process bal-
ances to be obtained. This allows one to generate
a good understanding of the operation and its
trends for further process improvement. Closed
balances are also needed for process accounting
and performance estimates. The aim is obtain
I. RECYCLING I
consistent estimates for recycling process vari-
ables subject to model constraints.

A recycling process can be thought as a
network of nodes connected to perform the
recycling task at hand.

The node behavior can be expressed by con-
straining state equations, which need to be ful-
filled when performing data reconciliation. For
the balance of the process, we can write in ma-
trix form

Cx ¼ 0; (5.37)

where C is the constraint equation matrix (with
elements c) and x is the vector of flows connect-
ing the units.
N CONTEXT
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING52
For this, we need a set of measurements
of process variables such as particle size, mate-
rial and chemical composition, and so forth, to
write a constraining model for any single
node. These are typically conservation equa-
tions. Nodes can consist of units combining or
separating streams (physical separators), and
reactors (chemical and metallurgical reactors
and furnaces). The two first kinds are character-
ized by the conservation of all variables; the re-
actors always conserve the total mass and the
masses of elements but may not conserve other
variables.

We also need an estimate of the uncertainty of
the measured variables. An assumptionmade in
the reconciliation process and in formulating the
previous equation is that the errors involved are
not gross errors (bias) but are always randomly
distributed.

It is typical that variables are measured only
from some of the streams. Thus, we have
measured and unmeasured variables. Some
can also be calculated from information obtained
from other streams. If a variable is not measured
but can be calculated, it is called observable.
Of course, if we have no way to obtain the value
of a variable if it is unobservable.
S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14

C ¼

2
666666664

1 �1 �1
1 �1 �1

1 �1 �1
1 �1 �1

1 1 �1
1 �1 �1

1 �1 �1

3
777777775
:

(5.38)
If the variable is measured and can also be
calculated, it is redundant; if it can be obtained
only by the measurement itself, it is nonredun-
dant. The first kind of redundancy can be
I. RECYCLING I
called topological. It considers measurements
from a stream. If the size distribution of all
three streams of a size separator is measured,
all measurements are redundant because
we can compute the values of one stream
from the two others and also have a direct
measurement. If one of the measurements is
not performed, the remaining stream variables
become nonredundant. One of the streams is
then nonmeasured but observable. If a second
stream measurement is omitted, the two
streams not measured become unobservable.
A nonredundant variable becomes unobserv-
able if its measurement fails. The second
kind of redundancy arises from repeated mea-
surements. This is important because it gives
information about the standard deviation of
the variable.

Estimability is a slightly broader definition
than observability, which is reserved only
for nonmeasured variables. A variable is esti-
mable if it is measured or nonmeasured but
observed.

A typical flowsheet in recycling is depicted in
Figure 5.9.

For simple material flow constraints, we get
for matrix C:
By first arranging the streams as unmeasured
and measured and using the basic matrix oper-
ators, we can have the unmeasured part ar-
ranged into observable and unobservable parts
N CONTEXT



FIGURE 5.9 A typical flowsheet for recycling (H denotes sampled stream).
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by developing the matrix canonical form. The
canonical form is
S3 S5 S12 S10 S6 S7 S9 S1 S2 S4 S8 S11 S13 S14

C ¼

2
666666664

1
1

1
1

�1 �1
1 �1

1 1

��������������

�1 1
�1 1 1

1 �1
�1 �1 �1

�1 1 1
1 �1 �1 �1

�1 �1 �1

3
777777775
:

(5.39)
In the example, streams S3, S5, S12, and S10 are
observable because they only have one nonzero
element in the column. Streams S6, S7, and S9 are
unobservable. All the measured streams are
nonredundant. A material reconciliation cannot
be performed for this sampling scheme.

Equation (5.37) can be written with the help
of Eqn (5.39) to show the measured (M) and un-
measured (U) variables (Rao and Narasimhan
(Rao and Narasimhan, 1996))

½CU CM �
�
xU
xM

�
¼ 0: (5.40)

We get from the system2

cRxR ¼ 0: (5.41)

xO ¼ cROxR þ cNROxNR (5.42)

cUOxUO ¼ �cRUOxR � cNRUOxNR: (5.43)
2 R, redundant; NR, nonredundant; O, observable; UO, unobse

I. RECYCLING I
The first equation cannot be satisfied by mea-

surements and forms the basis for data reconcil-
iation. The second equation allows us to
calculate the observable variables. The third
equation cannot be solved.

The redundant variables will never satisfy
Eqn (5.41). We have

cRxR ¼ r; (5.44)

where r is a vector for residuals.
For linear systems (i.e., only simple mass

flow conservation equations for nodes xi¼Qi)
reconciliation procedure is a minimization prob-
lem where the objective function is minimized
subject to a set of constraints.

In matrix for the equation can be written as

Min
n

QR �QR

�T
s�1
R


QR �QR

�o
(5.45)

with the constraint cRQr ¼ 0. This is a least-
square minimization problem.
rvable.
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Standard Lagrange multipliers can solve this
minimization.

L ¼ 
QR �QR

�T
s�1
R


QR �QR

�� lT
	
cRQR



:

(5.46)

The condition for optimality is that vL
vQR

¼ 0
and vL

vl
¼ 0.

The answer becomes

QR ¼
h
I � sRc

T
R

	
cRsRc

T
R


�1
cR
i
QR: (5.47)

This is the minimum level of data reconcilia-
tion to be performed.
5.7.2 Nonlinear Data Reconciliation

If the sampling has also given information
about components, they can be included into
data reconciliation. In addition to Eqn (5.37),
we have

cRMj ¼ 0; (5.48)

where M is the component flow of P compo-
nents mjk¼Qjcjk ; k¼ 1...p. Components can be
liberation classes, size classes, elements, etc.

The equation for data reconciliation now be-
comes (like Eqn (5.45))

Min
n

QR �QR

�T
s�1
QR


QR �QR

�
þ ½mR �mR�Ts�1

PR½mR �mR�
o (5.49)

subject to the constraints cRQR ¼ 0; cRMj ¼ 0;PK
j¼ 1 yR;j ¼ 0. The procedure with Lagrange

multipliers is analogous.
As it is written, Eqn (5.49) contains redun-

dant flow rates and concentrations from the
same redundant flows. However, concentra-
tions can be measured without a subsequent
flow rate measurement. These concentration
measurements can sometimes be used to obtain
flow rate values for flows that otherwise would
be unobservable. This makes the computations
complex, because the redundancy is affected.
In programs designed for data reconciliation,
this is often solved by taking into consideration
I. RECYCLING
all variables. The unmeasured variables are
given a large variance. This approach can lead
to large optimization systems and numerical
problems prohibiting convergence.

For a single separator, where all streams are
measured, we can either minimize the sum of
squares of the closure residuals (to be shown
here) or minimize the sum of squares of the
component adjustments. For a steady state, we
can start by dividing the balance equation by
Qf (Figure 5.4) to get

cfk � Ccck � ð1� CÞctk ¼ rk: (5.50)

The sum subject to minimization is now

S ¼
Xp
k¼ 1

ðr2Þ2: (5.51)

We get as a result

C ¼
Pp

k¼ 1ðcfk � ctkÞðcck � ctkÞPp
k¼ 1 ðcck � ctkÞ2

: (5.52)

To distribute the closure errors, we can write

Dfk � CDck �
	
1� C



Dtk ¼ rk: (5.53)

This can again be solved by using Lagrangian
multipliers. The Lagrangian becomes

L ¼
Xp
k¼ 1

�
D2
fk þ D2

ck þ D2
tk

�

þ 2
Xp
k¼ 1

lk

�
rk � Dfk þ CDck þ

	
1� C



Dtk

�
:

(5.54)

Finding by derivation the minima for the var-
iables (including lk) we get, after manipulation,

Dfk ¼ rk

1þ C
2 þ 	

1� C

2

Dck ¼ �Crk

1þ C
2 þ 	

1� C

2

Dtk ¼ �	
1� C



rk

1þ C
2 þ 	

1� C

2

(5.55)
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5.8 LIBERATION

The mix of compounds in particles of various
origins, from complete devices or parts of them,
or any type of byproducts such as slag, may
vary from a single compound to a mix of several
compounds. A particle consisting of a single
compound is called liberated. Amix of two com-
pounds is called a binary, and with the same
logic, ternary particles have three compounds.

For the optimal processing of compounds,
the aim is to maximize the mass of liberated par-
ticles in a set of recycled material. As mentioned
before, it poses an optimization problem,
because breaking the material into too-fine par-
ticles causes the processes to operate under
nonoptimal conditions.

All recycled materials have a specific way of
breaking when exposed to an impacting, com-
pressing, or shearing force large enough. By
studying the progeny particles, one can form a
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FIGURE 5.10 Frequency distribution of a single property.
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model of liberation breaking. This kernel func-
tion can be determined by either textural
modeling or probabilistic methods (van Schaik
et al. (van Schaik et al., 2004), Gay (Gay, 2004)).

As pointed out by Gay (Gay, 2004), the
approach of direct liberation classes soon be-
comes numerically expensive for multiphase
particles. It can be avoided by using parent par-
ticle to progeny particle relationships by using a
liberation kernel function K.

gj ¼
X
i

fiKij; (5.56)

where fi and gj are the composition frequencies
of parent particle type i and progeny particle
type j, respectively, and Kij is the kernel func-
tion. When the kernel is known, it can be used
to calculate the frequency distribution of type j
progeny particles originating from type i parent
particles

pij ¼ fiKij: (5.57)
0 60 70 80 90 100
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Gay (Gay, 2004) proposed using the probabil-
ity entropymethod to solve Eqn (5.57) under the
constraints that the original composition distri-
bution of parent particles is satisfied, the orig-
inal composition distribution of progeny
particles is satisfied, and the average mineral
composition of the resulting progeny particles
is the same as the parent particles. The con-
straints can be formulated as followsP

j
pij ¼ fiðfor each iÞP

i
pij ¼ gjðfor each jÞP

j
pijðcjm � CimÞðfor each i and mÞ

(5.58)
where cjm is the composition of the mth mineral
for the jth progeny particle and Cim is the
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FIGURE 5.11 Separability curve.

I. RECYCLING I
composition of the mth mineral for the ith
parent particle.

He obtains as a solution

lnðpijÞ � 1 ¼ l1i þ l2j þ l3imðcjm � CimÞ; (5.59)

where the Lagrange multipliers l1, l2, and l3 are
for the respective constraints.

After shredding, the frequency distribution
of a property might look like the curve in
Figure 5.10. One can see that there is a large
mass of particles that does not possess the prop-
erty, and a good mass of particles with a high
degree of the defined property.

The distribution gives the possibility of sepa-
rating the stream into a stream low in the prop-
erty and a stream rich in the property. As an
example, say, the property is aluminum (Al)
50 60 70 80 90 100
rty value (%)

parability
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5.9 GRADE-RECOVERY CURVES 57
mass content. We can separate an Al-rich and an
Al-poor product from the feed.

By calculating the total mass content of, say,
Al cumulatively, starting from the poorest frac-
tion, we get a curve called the separability curve,
which shows howmuch Al is present in the frac-
tion below a property limit (Figure 5.11). The
example reveals that 70% of Al values are parti-
cles, which carry more than 50% non-AL matter.
5.9 GRADE-RECOVERY CURVES

A relation always exists between the grade of
a separated product and its recovery (recyclabil-
ity). There are two basic reasons for that rela-
tionship. First, the liberation of particles
subjected to separation is not complete. Second,
the related response to a physical force or chem-
ical potential gradient will cause different parti-
cles to react in different ways.

A liberation-based grade-recovery curve
(Figure 5.12) can be constructed directly from
the separability curve with easy computations.
Taking the entire feed streamas a product, the re-
covery is 100% and the product grade is the same
From s
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FIGURE 5.12 Grade-recovery curve.
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as the feed: in our Al case, 33.7% Al. Leaving
the fractions with less than 10%Al away reduces
the mass almost to 50% according to Figure 5.10,
but only loses 5% of the Al. It also increases the
product quality to 49% Al. Continuing in this
way yields a full grade-recovery curve owing
to the lack of liberation. As can be seen, with
this material a 90% Al purity product can only
be obtained with a 55% recovery.

Breaking the material into smaller particles
will improve the separability curve (Figure 5.13).
This experimental value is from the same
scrap sample but is substantially finer in particle
size.

Compared with Figure 5.11, the central part
of the curve is much flatter, indicating that no
significant mass of middling particles exists.
This leads to the following grade recovery curve
(Figure 5.14).

The recovery for a 90% pure product has
increased to 85%, a substantial improvement
in the theoretically obtainable result.

The importance of the liberation-based
grade-recovery curve depends on the property
interactions and the nature of the following
processes.
eparability
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FIGURE 5.13 Separability curve after further breakage.
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5.9.1 Mechanical Separations

As will be discussed in more detail in the Ap-
pendix, mechanical separation is based on a bal-
ance of forces. The force for separation is chosen
according to the properties of the particles to be
separated. It can be a body force such as gravity,
centripetal force or magnetic force, or a surface
force induced by surface property modifica-
tions. This active separation force is directed
by the separator design so that the trajectory of
particles affected by the force becomes different
from the trajectory of particles not affected by
the force. Mass forces can be used to enhance
the difference in particle trajectories.
I. RECYCLING I
Figure 5.15 depicts a separator with a flow
from one feed point to two streams. All particles
start from the same point, but the acting separa-
tion force (lower picture) takes the particles to
the upper discharge, whereas a similar particle
without the affecting force will report to the
lower discharge.

As stated, separation is a particulate process
in which particle size, shape, and density affect
the outcome in addition to the active separation
force. For large particles, the mass forces are the
most important forces. As the mass decreases to
the third power of diminishing particle size and
area only to the second power, at some point the
surface forces will become dominant. The
N CONTEXT
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FIGURE 5.14 Grade-recovery curve after further breakage.
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FIGURE 5.15 Particle trajectories in a separator, when a separating force acts at some particle classes.
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5. THEORY AND TOOLS OF PHYSICAL SEPARATION/RECYCLING60
smaller the particle, the more will surface forces
such as drag and viscosity and even electrostatic
and van der Waals forces affect the total force
balance. The task is to optimize particle size
for liberation and for efficient separation.

For mechanical separations, some opera-
tional deficiencies always exist owing to prop-
erty and size distributions, apparent viscosity
effects, turbulence, and boundary flows.

Any particle entering a separator will have a
probability of entering one of the product
streams. The Separation cut point is the value
of the property in which particles have an equal
probability of entering either of the two product
streams. It is often denoted as j50. In Figure 5.16,
the cut point density is 2705 kg/m (Heiskanen
and Laapas, 1979).
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FIGURE 5.16 Separation efficiency curve for density (x-axis
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The separation efficiency curve can be calcu-
lated from reconciled data as the percentage of
the mass in each property class to report to the
chosen product. The shaded areas aremisplaced
particles. Vertical shading represents light parti-
cles reporting in heavies or sinks, and the hori-
zontal shading is heavy particles found in the
light fraction. The steepness of the curve can
be used as a measure of quality, imperfection.

I ¼ j75 � j25

2j50
: (5.60)

A separation efficiency curve can also be com-
puted for secondary effects. In Figure 5.16, the
substance F probability curve has a similar slope
with an offset. This indicates a slight concentra-
tion to the heavy fraction, but homogeneously.
2800 2900 3000

Total mass

Substance F

) versus probability of sinking (Tromp curve) (I¼ 0.023).
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Chemical methods for recycling i.e. hydro-
and pyrometallurgical recycling technology,
theory and systems are discussed in various
chapters of Part II.
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